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Skew Semi-Heyting Algebras

Berhanu Assaye Alaba, Mihret Alamneh and Yeshiwas Mebrat

Abstract—In this paper, we introduce the concept of skew
semi-Heyting algebra and extend the notions of semi-Heyting
algebras. We characterize a skew semi-Heyting algebra as a
skew Heyting algebra interms of a unique binary operation on
which an induced binary operation is defined, and some algebraic
properties on it.

Index Terms—SKkew semi-Heyting algebra, semi-Heyting alge-
bra.

I. INTRODUCTION

HE foundation of modern theory of skew lattices can

be found in Jonathan Leech’s 1989 paper [1]. Leech
[2], [3] showed that each right handed skew Boolean algebra
can be embedded in to a generic skew Boolean algebra of
partial functions from a given set to the co-domain {0,1}.
Heyting algebra is a relatively pseudo-complemented dis-
tributive lattice which arises from non-classical logic, and
it was first investigated by T. Skolem about 1920 [4]. A
Heyting algebra named after a Dutch mathematician Arend
Heyting was introduced by G. Birkhoff [5] and is developed
by H. B. Curry about 1963. While Boolean algebras provide
algebraic models of classical logic, Heyting algebras provide
algebraic models of intuitionistic logic. The notion of skew
Heyting algebra was introduced by Karin Cvetko-vah [6]
as a generalization of Heyting algebra. In that paper, it is
proved that a skew Heyting algebras form a variety and that
the maximal lattice image of a skew Heyting algebra is a
generalized Heyting algebra. H.P. Sankappanavar [7] in 2007
define and investigate a new (equational) class of algebras,
which is called Semi-Heyting Algebras, as an abstraction
from Heyting algebras. He showed that semi-Heyting algebras
share with Heyting algebras some strong properties, like these
algebras are: pseudocomplemented, distributive, congruences
on them are determined by filters and every interval in a semi-
Heyting algebra is also pseudo complemented.

This paper consists of two sections. The first section de-
scribes preliminary concepts which can be used in proving
lemmas, theorems and corollaries in the subsequent section.
In the second section, we introduce the notion of skew semi-
Heyting algebra and present some basic arithmetical proper-
ties. In this section, we also characterize a skew semi-Heyting
algebra as a skew Heyting algebra interms of a unique binary
operation ,— defined on b1 for any b € L such that ,—
is precisely the induced binary operation on L, and some
algebraic properties of it.
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II. PRELIMINARIES

First, we give the necessary definitions and results on
Heyting algebras, semi-Heyting algebras, skew lattices and
skew Heyting algebras which will be used in the next section.

Definition 2.1 ([7]): An algebra (L,V,A,—,0,1) of type
(2,2,2,0,0) is called a Heyting algebra if it satisfies the
following axioms:

(1) (L,V,A,0,1) is a lattice with O and 1

2) xA(x—=y)=xAy

3) xA(y—z2)=xA((xAy) = (xA2z))

@) (xAy)—x=1
for all x,y,z € L.

Lemma 2.2 ([8]): Let L be a Heyting algebra, then an
equivalence relation 6 on L is a congruence relation if and
only if for any (a,b) € 0,d € L,

(1) (and,bNd) €6

(2) (avd,bvd)eco

3) (a—=db—d)eb6

4 (d—a,d—Db)cb.

Definition 2.3 ([7]): An algebra (L,V,A\,—,0,1) is a semi-
Heyting algebra if the following conditions hold:

(SH1) (L,V,A,0,1) is a lattice with 0 and 1
(SH2) xA(x—=y)=xAy

(SH3) xA(y = 2) =xA((xAy) = (xAz))
(SH4) x = x=1.

Theorem 2.4: [7] Let L be a semi-Heyting algebra. Then for
any x,y,z € L,L satisfies the following conditions:

@ xA(y—=2)=xA((xAy) —=2z)

) xA(y—z)=xA(— (xA2)).

Definition 2.5 ([1]): A skew lattice is an algebra L =
(LA, V) of type (2,2) such that A and V are both idempotent
and associative, and they satisfy the following absorption laws:
xA(xVy)=x=xV(xAy)and (xAy)Vy=y=(xVy)Ay for
all x,ye L.

The natural partial order can be defined on a skew lattice
L by stating that x <y if and only if xVy=y=yVux, or
equivalently x Ay =x = yAx for x,y € L. Also the natural
preorder can be defined by x <Xy if and only if yVxVy=
y, or equivalently x Ay Ax = x for x,y € L so that Green’s
equivalence relation D is defined by xDy if and only if x <y
and y < x (see [7]).

Definition 2.6 ([6]): A skew lattice is called strongly dis-
tributive if for all x,y,z € L it satisfies the following identities:
xA(yVz)=(xAy)V(xAz) and (xVy)Az= (xAz)V(yAz); and
it is called co-strongly distributive if it satisfies the identities:
xV(yAz)=xVy)A(xVz) and (xAy)Vz=(xVZ)A(yVz).

Definition 2.7: [3], [6] A skew Lattice L is called normal if
WAXAYyAz=wAyAxAzand it is called conormal if wVxV
yVz=wVyVxVz for all wx,y,z € L.
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A skew lattice which is both normal and conormal is called
binormal skew lattice. If a skew lattice is strongly distributive,
then it is normal. Dually if a skew lattice is costrongly
distributive, then it is conormal (see [3], [6]).

Definition 2.8 ([6]): An algebra L = (L;V,A\,—,1) of type
(2,2,2,0) is said to be a skew Heyting algebra whenever the
following conditions are satisfied:

(1) (L;V,A,1) is a co-strongly distributive skew lattice with
top 1.

(2) For any a € L, an operation —, can be defined on
at={aVxValx € L} such that (at,V,A,—,1,a) is a
Heyting algebra with top 1 and bottom a.

(3) An induced binary operation — from —, is defined on
L by

x—=y=(yVaVy) =,y

Lemma 2.9 ([6]): Let (L,V,A\,—,1) be a skew Heyting
algebra and let x,y,a € L be such that x,y €at hold. Then
X y=X—4).

III. SKEwW SEMI-HEYTING ALGEBRAS

In this section, we introduce the concept of skew semi-
Heyting algebra, characterize it as a skew Heyting algebra in
terms of a unique binary operation on which an induced binary
operation is defined and investigate some of its algebraic
properties. Throughout this section, L stands for a non empty
set and we will use the following notations:

(i) For any a € L and a partial ordering < on L, the set
{x € Lla <x < b} is denoted by [a,b],

(ii) If L contains O for any a € L, — is the binary operation
defined on [0,q],

(iii) For any b,c € L, ,— 1is the binary operation defined on
[b,c].

Definition 3.1: An algebra (L;V,A,—, 1) of type (2,2,2,0)
is said to be a skew semi-Heyting algebra whenever the
following conditions are satisfied:

(1) (L;V,A,1) is a co-strongly distributive skew lattice with

top 1.

(2) For any a € L, an operation ,— can be defined on af=
{x € Lla < x} such that (at,V,A,,—,1,a) is a semi-
Heyting algebra with top 1 and bottom a.

(3) An induced binary operation — from ,— is defined on
L by

x—=y=((VxVy)—y.

Example 3.2: Let L be a co-strongly distributive skew lattice
and b € L such that x,y € bT. Define a binary operation ,—
on bt by

1 ifx<y

o7y :{ y  otherwise

One can show that b 1 is a semi-Heyting algebra. Thus defining
a binary operation — on L induced from ,— by, x >y =
(yVxVy) y—y makes L a skew semi-Heyting algebra.

A semi-Heyting algebra is not necessarily a skew semi-
Heyting algebra. The following example justifies this.

Example 3.3: Let L = {0,x,1} be a chain with 0 < x < 1
which is the lattice reduct of the two semi-Heyting algebras
with the binary operation — defined on L by the tables
given below. It can be routinely verified that the algebra
(L,V,A,—,1) where the binary operation — defined by Table
1 is a skew semi-Heyting algebra. But (L,V,A,—,1) where
the binary operation — defined by Table 2 is not a skew semi-
Heyting algebra, because when we apply the definition of —
in Table 2 we obtain that 0 »x = (xVOVx)y—x=0—x=
Xx—x = x =1 which is impossible.

We now present some useful arithmetical properties of skew
semi-Heyting algebras.

Theorem 3.4: Let L be a skew semi-Heyting algebra and
x,¥,z € L. Then the following hold:

@ 1—=x=x

b) x—>1=1

) x<y=x—y=1

(d y<x—y

e (xVy)—sx=y—x

) x<y<z=y<x—z

(@ (xAy)—=x=1

() x=(—=x)=y—=(x—y)

Proof: (a) and (b) hold trivially.
(c) Suppose x <y. Then x - y= (yVxVy),— y=1
@ yAx—=y)=yA((VxVy)y—=y) =y A{OA(VIV
¥))y—=y} =y A (»y—y) =y Al =y. Moreover, since yVxV
y and y belongs to yT, ((yVxVy),—=y)Ay=y
(e) (xVy) = x=(xV(xVy)Vx)y—x= (XxVyVx),—x=y —x.
() Let x <y <z Then yA(x = z) =yA((zVxVz),—z) =
YAZA((zVxVz);—2) =y Az A (z;—z) =y Az =y. Clearly,
(x—=2)Ay=y
(@) (xAy) 5> x=(xV(xAY)Vx)y—x=x y—x= 1.
(h) From (d) we have x <y — x and y <x —y. Then by (c¢)
we conclude that x —» (y > x)=1=y = (x > y). [ |

Lemma 3.5: Let L be a skew semi-Heyting algebra. Then
for any a € L, a? is a distributive lattice.

Proof: Suppose L be a skew semi-Heyting algebra. Let
a € L. Then at is a semi-Heyting algebra. Hence af is a

distributive lattice. |
S JO0[x 1 = |0 x ]l
0 1 I 1 0 1 X 1
P 01 1 X 0] 1 1
I 01 x 1 1 0] x |1
TABLE II
TABLE I NOT A SKEW SEMI-HEYTING

SKEW SEMI-HEYTING ALGEBRA ALGEBRA

Lemma 3.6: Let L be a skew semi-Heyting algebra and x,y €
L. Then xVy € yt if and only if yVx €xt. Whenever xVy
and yV x both belongs to y?, then they are equal.

Proof: Suppose xVy € y1. Since y € y T, we have yV (xV
y) = (xVy) Vy. Using associative property of skew lattice we
obtain yVxVy=xVy. Thus (yVxVy)Vx=xVyVx so that
yVx=xVyVx. Clearly xVyVx € x1 for some y € L which
implies that yV x € x 7. The converse holds analogously and
the proof of the other condition is so simple. [ ]

Following the above lemma we have the next theorem.
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x,y,z € L such that xVVy €yt. Then the following hold.

(@ x—y=1=xVy=yand xAy=x
) xA(y—z2)=xA((xAy) = 2)

© xA((x—=y)—=y)=x

@ x=2y)Ay—=x)=1=yAx=y
(e) xA(x—=y)=xAy

® x

<y=xA(z—y)=xAy

(@ (xVy)—= (xAy)=1=xAy=nx.

Proof: (a)

Assume x -y =1

= (yVavy),—y=1

= (Vy)A{OV(xVYy))y—=yt=xVy
= (VYA ((xVy)y—=y) =xVy

= xVy=y

Similarly we obtain that, (yVxVy), = y=1

b «x

= xA((yVxVy)y—y)=x

= xAXVY)A((YVXVy)y—=y) =x
= XAEVY)A((xVy)y—y)=x

= xNAy=ux.

Ay —2)

= xAN{(zVyVz);—z}
xA(xVZ)A{(zVyVz),—7}
xANEVYOAN{((xVZ) A (zVyV2)),—~
((xvz)AzZ)}
xA{{((xVZ)AZ)V((xV2)A(yV2))}—z}
= xA{V((xAy)V2))}—z}

= xA((xAy)—2z).

© xA((x—=y)—=y)

@ (x

= xA{((yVxVy)y—=y) =y}

= xA{OV(VXVy)y=y)Vy)y—y}

= xAEVY)IA{V(VaVy)y—=y) Vy)y—y}
= xAV{VY)A{(xVY)y=y)}Vyty—y}

= X/\<)’y_>y)

= xAl

—SY)A(y—=x) =1

= (GVaVvy)y—=y)A((xVyVx)—x) =1

= yA{(OVxVy)y=y) A((xVyVx)—x)} =y

= YAV Va))—x) =y

= YAGVO)A((V(yVx))e—x) =y

= YAQVI)A{OVI)A YV (VX))
(YVx)Ax)} =y

= YA (Vx)—x) =y

= YAOVX)A((YVX)—x) =y

YAX =Y.

e xA(x—y)

= xA((yVxVy)y—y)
= xAVY)A{((VX)V(xVy))y—y}
XA V)ALV A (VX)) V(xVy)hy—
((xVy)Ay)}
= xAEVY)AH{(VX)V(EVY)A VY =y}
= xA((xVy)y—y)
= XA
M xA(z—=y)=xAyA((YVzVy)y—y) =xAy.
(g) Suppose (xVy) — (xAy) =1. Then xA ((xVy) = (xAy)) =

x. From (b) we have x A ((xA (xVy)) = (xAy) = x. Thus,
applying (e) on x A (x = (xAy)) = x yields x A (xAy) = x.

Therefore x Ay = x. u
Next we give a characterization of skew semi-Heyting
algebra.

Theorem 3.8: Let L be a skew semi-Heyting algebra and
a € L such that x,y,z € af. Then the following are equivalent:

(a) L is a skew Heyting algebra

b) x<y=xq.—>y=1

© xZ<y=>y,—~z5x,4—2

(d) (xVy)g—z=(x 04— 2)A Y o= 2).

Proof: Suppose L be a skew Heyting algebra. Let x,y,z €

at. Clearly af is a skew Heyting algebra. If x <y, then x
a— y=(OVxVy),—=y=y y— y=1. Thus (a)=(b) holds.
Using the fact that z 1 is a Heyting algebra and L is conormal,
whenever x <y we have
(Ya—2) A (xa—2)

= ((zVyVz),—=z2)A((zVxVz);—2)

= {(zVyV2)V(zVxVz)},—z
{(zvxVz)V(zVyVz)},—z

ZVxVyVz),—z

Z2VyVz),—z

Yo Z.

(
(

This shows that (a)=-(c). From the fact that z{ is a Heyting
algebra, we obtain the following result
(xa—=2) A (Ya—2)

((zvxV2z2);—2) AN(zVyVz),—2)
= {(zVxVvz)V(zVyVz)},—z
(zVxVyVz),—z
(xVy)a—z.

Consequently (a)=(d). To prove the converse, we show that
for any a € L, the semi-Heyting algebra af is a Heyting
algebra. For this it suffices to show that each of the conditions
(b), (c) and (d) implies that (x Ay),—x = 1. Suppose (b)
holds. Let a € L such that x,y € at. Then x Ay =yAx
and (yAx)Vx=x=yAx<x=xAy<x From the given
assumption we obtain that (x Ay),—x = 1. Now assume that
(c) holds. Clearly x,y € at implies that x Ay < x. Then by
(c), we have x ,— z < (xAy),—z for any z € L. Taking
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z=x we get x ;,— x < (x Ay)g—x. This inturn implies that
1 < (xAy)s—=x. Hence (xAy),—x = 1. Finally let (d) holds.
Then for any x,y €af,l =x,—x= (xV (xAy))a—x = (x s —
X)A((xAY)a—x) = 1A ((x Ay)q—x). Therefore (x Ay),—x =
1. ]

In the following theorem we give another characterization
of a skew semi-Heyting algebra.

Theorem 3.9: Let L be a skew semi-Heyting algebra.Then
L is a skew Heyting algebra if and only if for all b € L, the
binary operation ,— on b7 is the same as the induced binary
operation — on L.

Proof: Suppose L be a skew Heyting algebra. Thus for
any b € L, b1 is a Heyting algebra so that it is a skew Heyting
algebra. Since the binary operation — on a skew Heyting
algebra is unique, x ,— y =x — y for any x,y € bt (see
Lemma 2.9). Conversely suppose x ,— y = x — y for any
x,y € bt. Since b7 is semi-Heyting algebra we need to prove
that (xAy),—x = 1. Using (SH4) for the semi-Heyting algebra
xt we get ,(xAy)p—x=(xAy)—=x=(xV(xAY)VX)y—x=x
+— x=1. Hence b7 is a Heyting algebra and therefore L is a
skew Heyting algebra. ]

Consider the skew semi-Heyting algebra L given by Exam-
ple 3.3 whose induced binary operation — is defined by Table
1. In this example the induced binary operation — on L is the
same as the binary operation ,— defined on b7 for each b € L.
Therefore this skew semi-Heyting algebra is a skew Heyting
algebra.

In the next theorem we give an axiomatization for a skew
semi-Heyting algebra.

Theorem 3.10: Let (L,V,A\,—,0,1) be an algebra of type
(2,2,2,0,0) such that (L,V,A,0,1) is a costrongly distributive
skew lattice and let b € L. Then (L,V,A,—, 1) is a skew semi-
Heyting algebra if and only if the following conditions hold

(@) x p— x=1 for all x € bt

(b) xA(x p— y)=xAy for all x,y € bt

©) xA(y p— z2) =xA((xAy)p—z) for all x,y,z € bt
(d) xA(y p— 2) =xA(y p—(xA2)) for all x,y,z € bt
(e y<(x—y) forall x,yeL

() x=>y=(yVvxVy),—yforall x,yeL.

Proof: suppose L be a skew semi-Heyting algebra. Then
for any b € L, b7 is a semi-Heyting algebra and hence by
Theorem 2.4 (c) and (d) hold. But (a) and (b) hold directly
from the definition of semi-Heyting algebra. Condition (e)
and (f) is direct from the assumption. Since L is co-strongly
distributive skew lattice, for any b € L, bt is a lattice. So
to prove the converse it is enough to prove that b1 is a
semi-Heyting algebra and for this we show that x A (y ,—
2) =xA((xAy)p—(xAz)). Then from (c) we have xA (y ,—
7) =xA((xAy)p—2), and by (d) we get xA ((xAy)p—z) =xA
((xAy)p—(xAz). Hence x A (y p— 2) = xA((xAy)p—(xA2Z)).
Now for b € L and x,y,z € b?, set x,—y =x — y. Clearly (e)
implies that x —y € y1C b 1. Thus the restriction ,— of — to
bt is well defined(see [6]). Since bt is commutative (a), (b)
and, (c¢) and (d) for — simplify respectively to (SH4), (SH2)
and (SH3) for ,— making ,— is the binary operation on bT.
This shows that for each b € L, (b 1,V,A,,—,b,1) is a semi-
Heyting algebra. Therefore using (f) it is possible to define an

induced binary operation — on L by x =y = (yVxVy),—y
that makes L is a skew semi-Heyting algebra. [ ]

Corollary 3.11: Let (L,V,A,—,0,1) be an algebra of type
(2,2,2,0,0) such that (L,V,A,0,1) is a costrongly distributive
skew lattice and let b € L. Then (L,V,A,—, 1) is a skew semi-
Heyting algebra if and only if the following conditions hold

(@) x<(xp= y)p—y

(b) xA(x p— y) =xAy for all x,y € bt

©) xA(y p— 2) =xA((xAy)p—z) for all x,y,z € bt

(d) xA(yp— 2) =xA(y p—(xAz)) for all x,y,z € bt

() y<(x—y)forall x,yeL

) x—=>y=(VxVy),—y forall x,y € L.

Proof: From (b) we have 1A (1l p—x) =1Ax=x=1
p—x = x. Thus from (a) we get 1 < (1 ,—x)p,—x, which
implies that 1 < x ,—x. Thus x ,—x = 1. Therefore b1 is
a semi-Heyting algebra. The rest of the proof follows from
the above theorem. [ ]

Theorem 3.12: Let (L,V,A,—,1) be a skew semi-Heyting
algebra. Then for any x,y € L, the algebra ([x,y],V,Ax—,Y)
is a skew semi-Heyting algebra.

Proof: Suppose L be a skew semi-Heyting algebra and
x,y € L. We show that [a,y] is a semi-Heyting algebra for any
a € [x,y]. Clearly [x,y] is a co-strongly distributive skew lattice.
Since L is a skew semi-Heyting algebra, for any x € L, x1 is
a semi-Heyting algebra and therefore [x,y] is a semi-Heyting
algebra(see [7]). Again by the same reason [a,y] is a semi-
Heyting algebra. Finally using (Theorem 3.9) one can define
x— on [x,y] by ¢ y—d = (dVcVd)z—d so that [x,y] is a skew
semi-Heyting algebra. [ ]

Lemma 3.13: Let the algebra ([x,y],V,A,x—,y) be a skew
semi-Heyting algebra. Then the algebra ([x,y],V,Ax—,x,Y)
is a Heyting algebra.

Proof: Let a,b € [x,y]. Then (aAb)y—a = (aV(aNb)V
a)g—a=a — a=y. Thus ([x,y],V,Ax—,x,y) becomes a
Heyting algebra. [ ]

Theorem 3.14: Let L be a binormal skew semi-Heyting
algebra and b € L. Let 0 be the relation on b 1 defined by
(x,y) € 0 if and only if by Ax =bo Ay for some by €b 1 .
Then 0 is a congruence relation on bt.

Proof: Suppose L be a binormal skew semi-Heyting
algebra. Clearly 6 is reflexive and symmetric. Let b €
L and ,x,y,z € b1 such that (x,y) € 6 and (y,z) € 0. This
indicates that there exist b; and b, €b71 such that by Ax=5b; Ay
and bp Ay =by Az. Then bp AbyAx =by Abi ANy =b1 A
by Ny = by Aby Az. This implies that (x,z) € 6 and hence
0 is transitive. Therefore 6 is an equivalence relation. Let
(x1,y1) € 6 and (x2,y2) € 0. Then there exist by, b, €b? such
that by Ax; = by Ay; and by Axy = by Ay,. Now we show
that (x; Axa,y1 Ay2) € 6, and (x; Vxp,y;1 Vy2) € 0. Thus
bi Axi ANbyANxo = b1 ANby Ax1 Ax so that by Ayi Aby Ayy =
bi ANby Ayy Ayy. Then by Aby Ax1 Axa =by Axi Aby Axa A
b1 ANy1 Aby Ayy = by Aby Ay Ay>. Hence (Xl AX2,¥1 /\yz) €0.
Similarly, since b7 is distributive lattice we have

by ANby N\ ()q \/XQ) = (b1 Aby /\xl) V (b1 Aby /\X2)

= (bz/\b] /\xl) V (bl Aby /\)CQ)
= (b Ab1 AY1)V (b1 Aby Ay2)
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= biAbyN(y1Vy2).

which shows that (x; Vx2,y; Vy2) € 0. Finally we obtain
b1 ANby A\ (X] — XQ)

= b]/\bz/\((bl/\bz/\xl)%(bl/\bz/\xz))
= bl/\bz/\((bz/\bl /\xl)—>(b1/\b2/\x2))
= bl/\bz/\((bz/\bl /\yl)—>(b1/\b2/\y2))
= bl/\bz/\((bl/\bz/\yl)—)(bl/\bz/\yz))

biNby A (y1 — y2).

Since b1 is a lattice by Aby €b?, thus (x; — x2,y1 — y2) € 0.

Therefore 0 is a congruence relation on b7. ]
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